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, We introduce two kinds of structures, called v-structures and t-structures, 

0^ ' on biquandles. These structures are used for colorings of diagrams of virtual 

links and twisted links such that the numbers of colorings are invariants. Given 
a biquandle or a quandle, we give a method of constructing a biquandle with 
these structures. Using the numbers of colorings, we show that Bourgoin's 
twofoil and non-orientable virtual m-foils do not represent virtual links. 
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1 Introduction 

A virtual link diagram is an oriented link diagram possibly with encircled cross- 
ings, called virtual crossings, that are neither positive crossings nor negative 
crossings. Two diagrams are equivalent if there is a sequence of the generalized 
Reidemeister moves defined in [16J, which are generated by moves R,l , . . . , R3 , 
VI, . . . , V4 in Figure [TJ The equivalence class of a virtual link diagram is 
called a virtual link. Virtual links correspond to stable equivalence classes of 
oriented links in the trivial /-bundles over closed orientable surfaces [3 [151 IE] ■ 
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A twisted link diagram is a virtual link diagram which may have some bars on 
edges. Two diagrams are equivalent if there is a sequence of the extended Rei- 
demeister moves defined in |3] , which are generated by all moves in Figure [1] 
The equivalence class of a twisted link diagram is called a twisted link. (In 
[3] the extended Reidemeister moves are illustrated without orientations. Note 
that all moves with possible orientations are obtained by combining the moves 
in Figure [TJ For example, see Figure [2]) Twisted links correspond to stable 
equivalence classes of oriented links in oriented 3-manifolds that are orientation 
/-bundles over closed but not necessarily orientable surfaces [3]. 

In this paper we define two kinds of structures on biquandles which are 
related to virtual links and twisted links. 




Figure 1: The extended Reidemeister moves 



A biquandle is a pair {X, R) consisting of a set X and a bijection R : X^ 
X^ satisfying certain conditions corresponding to Reidemeister moves for classi- 
cal link diagrams jTDlIIllllI] (Section In Section [3] we introduce the notions 
of a v-structure V : — X^ and a t-structure T : X ^ X which are ad- 
ditional structures on a biquandle {X, R) related to virtual links and twisted 
links. The pair (V,T) is called a vt-structure of {X,R). 

A coloring of a virtual link diagram by a v-structured biquandle {X, R, V) 
or a coloring of a twisted link diagram by a vt-structured biquandle (X, R, V, T) 
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Figure 2: Another Tl move 



is defined as follows: Let D be a diagram of a virtual link or a twisted link. 
The edges of D mean the connected arcs obtained when all the real crossings, 
virtual crossings and bars are removed. 

Definition 1.1 A coloring of D by {X,R,V) or {X,R,V,T) is a map from 
the set of edges of 13 to X such that for each crossing or bar, say u, of D, if 
xi, a;2, 2^3, X4 are elements of X assigned the edges around v as in Figure |3] then 

(1) R(xi,X2) = (2:3, 2:4) when w is a positive crossing, 

(2) i?~^(a;i,X2) — (x3,a;4) when w is a negative crossing, 

(3) V{xi,X2) — (x3,X4) when u is a virtual crossing, and 

(4) T{xi) — X2 when u is a bar. 

We also call a coloring by {X,R,V) an {X, R,V)- coloring, and a coloring by 
(X, R, V, T) an (A, i?, V, T)-coloring. 

The concept of a coloring by {X, R, V) in Definition 11.11 and the following 
theorem (Theorem II. 2p were considered in Refer to 2 for examples. 

Xi 



X2 

(4) 

Figure 3: Colorings 



Theorem 1.2 ([2]) If D and D' are virtual link diagrams representing the 
same virtual link, then there is a bijection between the set of colorings of D by 
a v-structured biquandle {X,R,V) and that of D' . 

This is generalized to twisted link diagrams. 



tXj 1 X/ 2 

\ / 

Xs Xa 
(1) 



tJC 1 «Z/2 




X3 X4 
(2) 



tJC 1 *]C 2 




X3 Xa 



(3) 



Theorem 1.3 If D and D' are twisted link diagrams representing the same 
twisted link, then there is a bijection between the set of colorings of D by a 
vt- structured biquandle {X, R,V,T) and that of D' . 

Therefore the number of colorings by a vt-structured biquandle {X, R, V, T) 
is an invariant of a twisted link. 

Given a biquandle (Xo,i?o) and automorphisms / and g with = 1 
and fg = gf, we give a method of constructing a vt-structured biquandle 
{X, R,Vf ,Tg), which we call a twisted product of (Xq, Rq). 

Let {Xq, Rq) be a biquandle. We use the notation due to [10] such that for 
a, & e Xo, 

Roia,b) = (6a, a''), 

namely, ba = piRo{a, b) and = p2RQ{a, b), where pi : Xq x Xq — > Xq is the 
ith factor projection. 

Theorem 1.4 Let (Xq,Rq) be a biquandle. Let X = Xq x Xq. Define a map 
R:X^^X^ by 

i?((ai, 6i), (a2, 62)) = ((a2a,, &2'^), 6uJ). 

For automorphisms f and g of {Xq,Rq), define maps Vf : — >■ X"^ and 
Tg-.X^X by 

F/((ai, 61), (02,62)) = iif-'a2j-%)AfaiJbi)),and 
Tg{a,b) {g^^b,ga). 



Then the following holds. 

(1) {X, R) is a biquandle. 

(2) Vf is a v-structure of {X,R). 

(3) Suppose that f^ — 1 and fg 
{X,R). 



= gf. Then {Vf,Tg) is a vt-structure of 



Definition 1.5 In the situation of Theorem 11.41 we call the biquandle {X, R) 
the twisted product biquandle of (Xq,Rq), and the vt-structured biquandle 
{X, R,Vf,Tg) a twisted product of {Xq,Rq). When / = g = 1, we call the 
quadruplet the standard twisted product of {Xq, Rq). 

A quandle is a pair (Q, *) consisting of a set Q and a binary operation 
* : Q X Q ^ Q, {a,b) 1-^ a * b, such that (i) for any a € Q, a * a = a, (h) for 
any a,b E Q, there exists a unique element c with c * b = a, and (iii) for any 
a,b,c G Q, (a * 6) * c = (a * c) * (6 * c) [HI HH |20] . The dual operation * of * is a 
binary operation * : Q x Q ^ Q such that a * 6 = c c*b — a. In Section HI 
we use Fenn and Rourke's notation [11] : a * b and a * 6 are denoted by and 

(or ^), respectively, and a'"^ means (a^)'^, etc. 

When {Xq, Rq) is the biquandle derived from a quandle (Q, *), i.e., Xq = Q 
and RQ{x,y) — {y,x * y), we call the twisted product biquandle {X,R) of 
{Xq,Rq) the twisted product biquandle of (Q,*). If / and g are quandle au- 
tomorphisms of (Q,*), then they are biquandle automorphisms of {Xq,Rq). 
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Suppose that P = 1 and fg = gf . A twisted product of {Q, *) means a twisted 
product {X, R,Vf,Tg) of {Xo,Ro). The operations R,Vf,Tg on X — Q'^ are 
given as follows: 



When / = 9 = 1, we have the following definition. 

Definition 1.6 The standard twisted product of a quandle (Q,*), which we 
denote by B{Q, *), is a vt-structured biquandle {X, R, V, T) such that X = 
and 

i?((ai,&i), (02,62)) = ((02,^2 *&i),(ai *a2,&i)), 
V((ai, 61), (02,62)) = ((02,62), (ai,&i)), and 
T(a,6) = (6, a). 

For a quandle (Q, *), the number of upper (Q, *)-colorings of a virtual link 
diagram is an invariant of a virtual link, and so is that of lower (Q, *)-colorings 
|16j . (A geometric interpretation of the upper/lower knot quandles of a virtual 
link is given in [15]. The upper/lower (Q, *)-colorings correspond to the ho- 
momorphisms from these geometric quandles to (Q, *) as in the classical case 



Let S(Q, *) be the standard twisted product of a quandle (Q, *). 

Theorem 1.7 If D is a twisted link diagram which is equivalent to a virtual 
link diagram D' , then the number of B{Q, colorings of D is the product of 
the number of upper (Q, *)-colorings of D' and that of lower (Q, *)-colorings of 



Corollary 1.8 Let (Q, *) be a finite quandle with n elements. If the number 
of B{Q,*)-colorings of a twisted link diagram D is less than , then D does 
not represent a virtual link. 

Proof. Every virtual link diagram has at least n trivial upper (Q, *)-colorings 
and at least n trivial lower (Q, *)-colorings. If D is equivalent to a virtual link 
diagram, by Theorem 11.71 there are at least colorings of D by B{Q, *). | 

Using an argument due to [S|, Bourgoin [B showed that the twisted link 
diagram illustrated in Figure |4j which we call Bourgoin's twofoil, does not rep- 
resent a classical link. He also defined a twisted link invariant, called the twisted 
Jones polynomial, and showed that Bourgoin's twofoil has the same twisted 
Jones polynomial with a certain virtual link diagram (Figures 6 and 7 of ||3]). 
Thus, as mentioned in [5], one cannot distinguish it from virtual links by use of 
the twisted Jones polynomial. 

We call a diagram on the left-hand side of Figure [5] a non-orientable virtual 
m-foil and denote it by Fm, where m is the number of the real crossings (m > 1). 
When m = 2, it is Bourgoin's twofoil. It has a realization as a link diagram on 



i?((ai,6i), (02,62)) 
Vf{{ai,bi), (02,62)) 
Tg{a,b) 



((02,62 *6i),(ai *a2,6i)), 
((/a2,/62), (/ai,/6i)), and 
{9^^b,ga). 



dn [141120].) 



D'. 
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Figure 4: Bourgoin's twofoil 



a projective plane depicted on tlie riglit-liand side of tire figure, where the unit 
disk is made into a projective plane. By a calculation using induction on m, we 
see that the twisted Jones polynomial of Fm is 



This polynomial is also the twisted Jones polynomial of a virtual link diagram 
obtained when the two bars are removed from Fm ■ Thus one cannot distinguish 
it from virtual links by use of the twisted Jones polynomial. 



In Section U] we study colorings of the diagram F^ by the standard twisted 
product B{Q, *), and show the following. 

Theorem 1.9 (1) For m > m' > 1, Fm and Fm' represent distinct twisted 
links. 

(2) For m > 1, Fm does not represent a virtual link. 

The first assertion of this theorem is also seen by the twisted Jones poly- 
nomials. Now we have an infinite family of twisted links which are not virtual 
links, but they arc not distinguished from virtual links by the twisted Jones 
polynomials. This example was suggested the authors by Roger Fenn. 

Remark 1.10 Given a quandle (Q, let X = and 




Figure 5: non-orientable virtual m-foil 



i?((ai,6i), (02,62)) 
y((ai, 61), (02,62)) 
T{a,b) 



((a2,&2 *6i), (fli * 0,2, bi)), 
((a2,62), (ai,6i)),and 
(6, a). 
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Then {X, R) is a biquandle, and V is a v-structure of {X, R). Since 

{T xT)R{T xT){{ai,h),{a2,b2)) = ((02 * ai, ^2), (ai, &i * ^^2)) and 
Fi?F((ai, 61), (02,62)) = ((a2 * ai, 62), (01,61*62)), 

the operation T : does not satisfy (T x r)i?(T x T) = VRV unless 

(Q, *) is an involutory quandle, i.e., * = *. Thus the quadruplet {X, R,V,T) 
is not a vt-structured biquandle and one should not use this for colorings of 
twisted links. 

We recall the notion of a biquandle, and prepare some lemmas in Section O 
In Section [3] the definitions of a t-structure and a v-structure are given, and 
Theorem ll.4l is proved. Section |3] is devoted to proofs of Theorems II . 31 II . 7l and 

2 Biquandles 

For a set X we denote by X" the n-fold Cartesian product of X, and denote by 
Pi : X^ X the zth factor projection for each i = 1, . . . ,n. The composition 
5 o / of two maps / and g is also denoted hy g ■ f or gf. The identity map 
X ^ X on X is denoted by Ix or 1, and the transposition map {x,y) 1— > {y,x) 
on X"^ is denoted by Tx^ or r. 

The basic idea of a birack was given in [12 . The following is the definition of 
a (strong) birack and a (strong) biquandle introduced by R. Fenn, M. Jordan- 
Santana and L. Kauffman (Definitions 4.2 and 4.6 of n[0]). 

Definition 2.1 ([TO]) A pair {X, R) of a set X and a bijection R : X^ ^ X^ is 
a birack if the following conditions (Bl) and (B2) are satisfied. It is a biquandle 
if (Bl), (B2) and (B3) are satisfied. 

(Bl) R satisfies the set-theoretic Yang-Baxter equation, i.e., 

(i? X 1)(1 X R){R X 1) = (1 X R){R X 1)(1 X R): X^ X^. 

(B2) For a,b e X , let fa : X X and f'': X X be maps defined by 

fa{x)^PiR{a,x) and f{x)^p2R{x,b). 

Then both /„ and are bijections for every a and 6 of X. 
(B3) For every a and 6 of X, 

(/a)-^(a) = /(^")"(")(a) and {f')-\b) ^ f^J.)-.^,){b). 

As in Section 3 of [TO] a birack/biquandle operation R : X^ — > X^ defines 
two binary operations on X] (a, 6) 1— >■ 6^ and (a, 6) ^ such that R{a, 6) = 
(6a, a''). Refer to [H H H H] [TOl (H HI] for examples of biracks and biquandles. 

Let {X,R) and {X',R') be biracks or biquandles. A map h : X X' is 
called a homomorphism if [h x h)R — R'{h x h) : X^ X^. We denote it by 
h : {X, R) — ^ (X' , R'). An isomorphism is a bijection which is a homomorphism. 

Using the notion of a sideways operation due to Fenn, et al. [H |9l [TO], we 
can restate Definition 12. II as follows. 
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Definition 2.2 A pair {X, R) consisting of a set X and a bijection R : X"^ 
X^ is a birack if the following conditions (Bl) and (B2') are satisfied. It is a 
biquandle if (Bl), (B2') and (B3') are satisfied. 

(Bl) {R X 1)(1 X R){R X 1) = (1 X R){R x 1)(1 x R) : X^ ^ X^. 
(B2') There is a unique bijection 5* : X'^ — > X^ such that for any xi, . . . ,X4 € X, 

S{xi,X3) = {X2,X4) <^=^ R{xi,X2) = ix3,X4). 

(B3') There is a bijection s : X ^ X such that for any x E X, 

R{x, s{x)) — {x, s{x)). 

We call the bijections S : X^ —> X^ and s : X ^ X above the sideways 
operation of R and the shift operation of R, and denote them by sidei? and 
shifti?, respectively. (Note that if (B2') holds then a bijection s : X ^ X in 
(B3') is unique if there exists, since S is unique.) Refer to [HlQllTO] for sideways 
operations. 

First we observe that Definitions 12.11 and 12.21 are equivalent, and give some 
lemmas on biquandles. 

Theorem 2.3 (1) For a bijection R : X^ ^ X^, the conditions (B2) and (B2') 
are equivalent. (2) For a bijection R : X^ — > X^ satisfying (B2), the conditions 
(B3) and (B3') are equivalent. 

Proof (1) Suppose (B2). Define maps S : X^ ^ X^ and S'^ : X^ ^ X^ 

by 

S{x,y) = {{f,)-\y),p2R{x,{f,)-\y))) and 
S-\x,y) = {{fn-\y),p,R{{f-)-\y),x)). 

Then SS~^ = S^^S = 1, and S{xi,X3) — (^2,^4) R{xi,X2) — (xs^x^). 
Let S' : X^ — > X^ be another bijection such that S'{xi,X3) = (^2,^4) ■^=> 
R{xi, X2) — {x3, X4). For any x,y € X, since fx is bijective, we havepiS'(x, y) — 
PiS'{x,y). Thenp2<S'(x,y) = p2R{x,piS{x,y)) = p2R{x,piS'{x,y)) =p2S'{x,y) 
Thus S = S'. 

Suppose (B2'). The inverse maps of fa and are obtained by 
{fa)-Hx)^PiS{x,a) and {f')-\x) = piS-\b,x). 
(2) Suppose (B3). Let s : X X and s^^ : X ^ X he maps defined by 
.s{x)^if,)-'{x) and s-\y)^{fy)-'{y). 

Since s(a;) = (/x)"^^;) = /(■^==)"'("^)(a;) = f'^'^Hx), we have i?(a;,s(x)) = 
{x,s{x)). Since s^^y) = {PY^iv) = f{fy)-^y){y) = fs-\y){y), we have 
R{s-^{y),y) = {s-\y),y). Then s : X ^ X and s^^ : X X are the 
inverse maps of each other. 

Suppose (B3'). Since R{a,s{a)) — (a, s(a)), we have (/a)^^(a) = s(a) = 
/(/°)"'(«)(a). Since R{s-^{b),b) = (s-i(6),6), we have (/'')"H&) = s^H^) = 
/(/")-! (b)(^)- ■ 

Now one may use Definition 12.21 instead of Definition 12.11 

We give some lemmas on biquandles, which are also valid for biracks. 
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Lemma 2.4 (1) // {X,R) is a biquandle, then {X,R ^) is a biquandle with 
sidei?"-^ = T • sidei? • r and shifti?^^ = shifti?. 

Proof. Since x 1 = {Rx : X^, the map R~^ satisfies the 

set-theoretic Yang-Baxter equation. Put S' = t ■ side-R • r. Then S'{x3,xi) = 
{x4,x2) sidei?(xi,a;3) = {x2,X4) <^=^ R{xi,X2) — (x3,X4) <^=^ {xi,X2) = 
R~^{x3,X4). The uniqueness of S" follows from that of sidei?. Let s = shifti?. 
Since i?(x, s(a;)) = {x,s{x)), we have R~^{x, s{x)) = (x, s(x)). | 

Lemma 2.5 If{X,R) is a biquandle, then {X,tRt) is a biquandle with sideir Rt) = 
(sidei?)-^ and shift(Ti?T) = (shifti?)-^ 

Proof. It is obvious that tRt is bijective. For simplicity we denote by 
Ti,T2, Ri and i?2 the maps rxl,lxT, i?xl and 1 x i?, respectively. Noting that 
T1T2T1 = T2T-1T2 and R1T2T1 = T2T1R2, we see that (rii?iTi)(r2i?2T2)(rii?iTi) = 
T1T2T1R1R2R1T1T2T1 and (r2i?2T2)(rii?iri)(r2i?2T2) = T2rir2ii2-Ri-R2T2TiT2. Thus 
R1R2R1 = R2R1R2 implies that 

(Tii?iTi)(T2i?2T2)(Tii?iTi) = (r2i?2r2)(Tii?iri)(T2i?2r2). 

So tRt satisfies the set-theoretic Yang-Baxter equation. tRt{xi, X2) = (xs, X4) 
■^=> i?(a;2,xi) = (x4,X3) <S=> sidei?(x2, X4) = (xi,xs) <^=^ (sidei?) ~ ^ (xi, X3) = 
(x2,X4). Thus side (riir) = (sidei?)"^. (The uniqueness of side (Ti?T) follows 
from that of sidei?.) Let s = shifti?. Since R{x,s{x)) = {x,s{x)) for every 
X G X,we have tTt{s{x),x) = {s{x),x). Thus shift(ri?T) = (shifti?)"^ | 

Lemma 2.6 Let {X,R) and {X',R') be biquandles, and let f : X ^ X' be a 
map. The following three conditions are m,utually equivalent. 

(i) f is a homomorphism from {X,R) to {X',R'). 

(ii) f is a homomorphism from (X,R^^) to {X' , R'~^). 

(iii) f is a homomorphism from {X,tRt) to {X' ,tR't). 

Proof Since (/ x /)i? = i?'(/ x /) ^ R'-\f x /) = (/ x f)R-\ we 
have (i) ^ (ii). Since (/ x f )R = R'{f x /) ^ t(/ x /)i?r = t(/ x /)i?'r 
^ (/ x /)Ti?r = (/ X /)ri?'r, we have (i) ^ (iii). | 

Lemma 2.7 Let (Xi,i?i) and (X2,i?2) be biquandles. Let R : {Xi x ^2)^ -)■ 
{Xi x X2)^ be a map defined by 

i?((ai,6i), (02,62)) = {{piRi{ai,a2),PiR2{bi,b2)), (P2i?i(ai, a2),P2-R2(6i, 62))- 

Then {Xi x X2,R) is a biquandle. Moreover, if fi : {Xi,Ri) {Xi,Ri) {i = 
1,2) are homomorphisms, then /i x /2 : {X\ x X2,R) — )• {Xi x X2,R) is a 
homomorphism. 

Proof. The operation i? satisfies the set-theoretic Yang-Baxter equation, 
since i?i and i?2 do. The sideways operation 5 of i? is given by 

S{{axM)-, (03,63)) = ((PiS'i(ai,a3),piS'2(6i,63)), (P25'i(ai, a3),P25'2(6i, 63)), 
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where Si and 5*2 are the sideways opetations of Ri and R2 ■ The shift operation 
s of i? is given by 

s{{a,b)) = {si{a),S2{b)), 

where si and S2 are the shift opetations of i?i and i?2- It is obvious that /i x /2 
is a homomorphism. | 

We call the biquandle {Xi x X2,R) in Lemma 12.71 the direct product of 
and (X2,i?2). 

3 V- and t-Strucures on biquandles 

First we introduce the notion of a v-structure. 

Definition 3.1 (cf. [2^) Let {X,R) be a biquandle. A bijection V : X^ ^ X^ 
is a v-structure of (X, i?) if the following conditions are satisfied. 

(1) {X, V) is a biquandle. 

(2) V"^ = l:X^ ^ X\ 

(3) {V X 1)(1 X X 1) = (1 X R)(y X 1)(1 X V) : X3 ^ X^. 
We call (X, i?, V) a v-structured biquandle. 

A v-structure is used for colorings of virtual link diagrams. 

Example 3.2 Let {X, R) be a biquandle. Let V be the transposition r : ^■ 
A"^, (x, y) 1-^ (y, cc). It is a v-structure. A biquandle with this v-structure is used 
for colorings of virtual link diagrams in (SJ [TUJ [T31 [TB] , etc. 

Example 3.3 Let {X,R) be a biquandle. Let / : {X,R) {X,R) be an au- 
tomorphism. Let V : X^ X^ be a map defined by V{xi,X2) — {f^^X2,fxi). 
It is a v-structure. A biquandle with this structure is called a virtual biquandle. 
See [T7] and Definition 3.3 of 7 . 

We introduce the notion of a t-structure, or a vt-structure, which is related 
to twisted links. 

Definition 3.4 Let {X,R,V) be a v-structured biquandle. A bijection T : 
A — i> A is a t-structure of (A, R, V) if the following conditions are satisfied. 

(1) T2 = 1. 

(2) V{T X 1) ^ (1 X T)V. 

(3) (T X T)R{T X T) = VRV. 

We call (A, R, V, T) a vt-structured biquandle, and (V, T) a vt- structure oi (A, _R). 

Since = 1, the condition (2) of Definition l3.4l is equivalent to that V{1 x 
T)^{T X l)V. 

Proof of Theorem \1.4\ (1) By Lemma 12. 5[ when (Ao,i?o) is a biquandle, 
so is {Xq,tR^t). By Lemma [2.71 {X,R) is a biquandle, since it is the direct 
product of (Ao,i?o) and {Xq,tRot). (2) It follows from Lemmas 12.61 and 12.71 
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that f X f : X = Xq X Xq X = Xq X Xo is an automorphism of (X, R) . 
By Example 13.31 we have (2). The assertion (3) is verified by direct calculation, 
which is left to the reader. | 



4 Proof of Theorems 

In this section we prove Theorems 11.31 11.71 and 11.91 



Proof of Theorem ] l.S\ Let A be a 2-disk where a move in Figure [T] transforms 
D to D' . For each move, there is a bijection of the colorings of D and D' such 
that the corresponding colorings are the identical outside A. When the move 
is of type Rl, R2 or R3, it follows from that (X, R) is a biquandle [10]. When 
the move is of type VI, V2 or V3, it follows from that (X, V) is a biquandle 
and V'^ = 1. The case of V4 follows from the equality {V x 1)(1 x V){R xl) = 
(1 xR){V X 1)(1 X V). The case of type Tl follows from V{T x 1) = (1 x T)V . 
The case of type T2 follows from = 1. The case of type T3 follows from 
(T X T)R{T xR) = VRV. | 

Proof of Theorem [TTTI Let B{Q,*) = {X,R,V,T). By Theorem O it is 
sufficient to show that for a virtual link diagram D there is a bijection between 
the set of {X, R, V, r)-colorings of D, denoted by Col(i:», {X, R, V, T)), and the 
Cartesian product of GoV^{D, (g, *)) and Col'(L», (Q, *)), where Col"(i:», (Q, *)) 
is the set of upper (Q, *)-colorings of D and Col'(£', (Q, *)) is the set of lower 
(Q, *)-colorings of D. Since Z) is a virtual link diagram, an {X, R, V, r)-coloring 
of D is nothing more than an {X, R, V^)-coloring of D. Let c : E{D) X he an 
{X, R, V")-coloringof £), where E{D) is the set of edges of D. Let c" : E{D) ->■ Q 
and c' : E{D) Q he the maps defined by c" = pic and c' — P2C where pi is the 
ith factor projection X — ^ Q. Then c" is an upper {Q, *)-coloring of D, 
and c' is a lower {Q, *)-coloring of D. Conversely for any upper {Q, *)-coloring 
c" and any lower (Q, *)-coloring c', the map c = (c",c') : E{D) — > X is an 
{X, R, y)-coloring of D. | 

In order to prove Theorem 11.91 give a proposition on *)-colorings 
of the non-orientable virtual to- foil Em ■ 

Let {Q, *) be a quandle and B{Q, *) the standard twisted quandle. Consider 
a B{Q, *)-coloring of the diagram Em and let x, y, z and w be elements of 
given the edges as depicted in FigureO Put x — {xi,X2) and y — (j/i, 2/2) G Q^- 

Proposition 4.1 In this situation, xi and yi satisfy 

xi^x^^^"^^" and yi ^ y'f'"'^^ . (1) 

And X2 and 2/2 are determined by 

\y^^ = and {^^ if m ^ 2n + 1. 

(2) 

Conversely, for any elements xi and yi of Q satisfying (1), there exists a unique 
B{Q, *)- coloring of Em- 
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Proof. The standard twisted product of a quandle is given by 

R{{xi,X2), (2/1,2/2)) = ((yi,2/2'), {xl\x2)). 
Applying that m times, we have 

{z,w) = ((4^^"^)""'^\4'""'^"),(2/i"''"^",2/2"''"^"~'"')) if ™ = 2n, (3) 

and 

(z,^.) = ((y^^^)^y^^^)"^^),(4^^^^'"^^4^^^^)")) ifm = 2n+l. (4) 
Since {x,y) = y(r x T){z,w), we have 

"^^^ „ ' "^^^ ' ifm = 2n, (5) 

yi — ^2 , 2/2 — '''I 

(W4 (Ur ifm = 2n + l. (6) 

i 2/1 = 2/2 , 2/2 = yi ^ 

From (5) and (6) we have (2), and ehminating X2 and 2/2 we have (1). Conversely, 
for any elements xi and yi of Q satisfying (1), let X2 and 2/2 be as in (2). Then 
X = (xi,X2) and y — (2/1,2/2) satisfy (5) and (6). Thus we have a coloring. | 

For a quandle (Q, *), let A„i{Q, *) denote a subset 

{(a,6)eQ2|^^^(fca)'"^^^^(afcr| 

of Q2. 

Corollary 4.2 For att.?/ quandle (Q, *), assigning (xi,yi) to a B{Q, *)-coloring 
of Fm as in Proposition \4-l\ is a bijection from Col{Frm B(Q,*)), the set of 
B{Q,*)-colorings of Fm, to Am((3,*). 



and 



Proof of Theorem \ l.ih (1) Let (Q2m,*) be the dihedral quandle of order 
2m, i.e., Q2m — Z/2mZ and a* & = 2& — a. It is easily seen that A„i(Q2t?x,*) — 
{Q2^f. Thus, by Corollary #Col(F„., B(g2™, *)) = #A„,(g2™,*) = 
Am?. On the other hand, if m > m' > 1, then A,„/((52m,*) 7^ ('92m)^, for 
(1,0) £ {Q2mY does not belong to A,„' ((52m, *)• Hence, by Corollary 14.21 
again, #Col(Fm' , S(Q2m, *)) = #\n'{Q2,n,*) < ^rn^- Therefore F^ and F;„' 
represent distinct twisted link. 

(2) Let (Q2m+i, *) be the dihedral quandle of order 2m + 1. Since (1, 0) £ 
{Q2m+iT does not belong to /\m{Q2m+i, *), we have A™((52m+i, *) # (Q2m+i)^ 
By Corollary 1121 #Col(F,„, B(g2™+i, *)) = #A™(Q2m+i,*) < #(Q2m+i)^ 
By Corollarv ll.81 Fm does not represent a virtual link. | 
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